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Abst ract - -Some oscillation criteria for the second-order quasilinear functional differential equa- 
tions 
[rCt) Ix'C01 ~-1 x'Ct)]' + f (t, x(t), x(~(t)), x'(t), ~'(~(t))) = 0, t > to, 
are obtained. Our results generalize and improve some known results of both differential equations 
and delay differential equations. ~) 2002 Elsevier Science Ltd. All rights reserved. 
Keywords - -Quas i l inear  differential equation, Oscillation. 
1. INTRODUCTION 
This  paper  is concerned with the problem of osci l lat ion of second-order quasi l inear funct ional  
differential equat ions 
[r(t)  Ix'(t)l "-1 x'(t)]' + F (t,x(t),x(r(t)),x'(t),x'(T(t))) = O, t >_ to, (1) 
where 
(i) a > 0 is a constant;  
(ii) F : [to, oo) x R x R x R x R --* R is a continuous function; 
(iii) r(t) : [to, oo) --* (0, co) is a continuous function; 
(iv) r : [to, co) --~ R is continuous and l im v(t) = co. 
t---+OO 
By a solut ion of (1), we mean a function x : IT=, co) ~ R which is cont inuously differential  
on [T=, co) together  with r(t)lx'(t)l~-lx'(t) and satisfies (1) at  every point  of [T=, co). A solut ion 
is said to be osci l latory if it has a sequence of zeros clustering at  co and the nonosciUatory 
otherwise. 
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Many authors including [1-9] have investigated the special cases of equation (1). For example, 
Rogovchenko [1] considered the following ordinary and delay differential equations: 
x"(t) + p(t) f (x(t ) )g (x'(t)) = O, 
x"(t) + p(t)f(X(T(t)))g (x'(t)) = O, 
x"(t) + p(t) f (x(t) ,  X(T(t) ) )g (x'(t) ) = O. 
(2) 
(3) 
(4) 
Manojlovic [2] studied the following half-linear differential equation: 
[r(t) [x'(t)l a-1 x'(t)]' + p(t) lx(t) la- lx(t)  = O. 
Agarwal et al. [3] investigated the following retarded ifferential equation: 
[r(t) [x'(t)[ ~-1 x'(t)]' + p(t) JX(T(t))J~-lx(T(t)) = O. 
(5) 
(6) 
The main objective of this paper is to develop an oscillation theory for such a general case of 
a functional differential equation (1). Our results can be applied to three cases: ordinary, delay, 
and advance differential equations. This work was motivated by [1,2]. In the present paper, we 
will show that the results of [1] for equations (2)-(4) can be generalized for equation (1), and 
that the results of [2] for equation (5) can also be improved for equation (1). 
2. MAIN  RESULTS 
First, we state a lemma which is due to Hardy, Littlewood and Polya [10]. 
LEMMA 2.1. I f  X and Y axe nonnegative, then 
X q+(q-1)Y  q -qXY  q-1 ~0, q> 1, 
where equality hoMs if and only if X = Y.  
THEOREM 2.1. Suppose that Conditions (i)-(iv) are satisfied. Further, 
F( t ,x ,u ,v ,w)  
(v) ixl~_l x >_p(t ) ,ho lds for t>_to ,x ,u ,v ,  wER,  
wherep(t) is a continuous function fort > to. AssumeD = {(t,s) It > s > to}. LetH E C(D,R)  
satisfy the following two conditions: 
(H1) H(t , t )  = 0 for t >_ to; H( t ,s )  > 0 for t > s > to. 
OH 
(H2) ---~-s (t, s) = h(t, s )x /~t  , s) is nonpositive continuous function on D. 
I f  there exists a continuous differential function p : [to, co) ~ R such that 
lira sup{H(t, t0)} -1 
t~oo  
s:[ ] x H(t, s)o(s)p(s) - r(s)lp(s)l I-OH(t, s)/Os - (p'(s)/p(s)) H(t, s)l ~+1 (a + 1)~+lHa(t,s) . ds = oo, 
then equation (1) is oscillatory. 
PROOF. Let x(t) be a nonoscillatory solution of equation (1). Define 
w(t) = p(t)r(t) Ix'(t)l "-1 x'(t) 
ix(t)l~_~x(t ) (8) 
Funct iona l  Dif ferential  Equat ions  
Differentiating (8) and making use of (1) and Condition (v), we get, for t > to, 
p'(t) ,., alw(t)l (~+1)/~ 
w'(t) <_ -~wtr  ) -p ( t )p ( t ) -  [r(t)lp(t)l]l/~ ,
and consequently, 
+ /ot { OH(t,~s s) 
Taking 
i p(s)p(s)H(t s) ds < w(to)H(t, to) 
p'(s) H(t, s) alw(t)l(~+l)/~ H(t, s) ~ ds. 
- -  + p-~ Iw(s ) l -  [r(s)lp(s)l]X/~ ) 
X = a~l(~+l)H~/C~+l)(t's) Iw(s)] a + 1 
1/(a+l) ' q = - - '  
[r(s) lp(s) l]  a 
y : [r(s)lp(s)l] '~/(`'+~) I -a l l ( t ,  s)/Os - (p ' (s) /O(s))  H(t ,  s)l ~ 
(a + 1)~*H~2/(~+l)(t, s)o~ -a/(a+l) 
according to Lemma 2.1 (10) implies 
1 / i  H(t, to) p(s)p(s)H(t, s) ds 
<_ w(to)+ H(t, -.o./~ r(s)[p(s)l I-OH(t,s)/Os_(_~4_fH__~,_~- (p'(s)/p(s)) H(t,s)l ~+1 ds, 
for all t >_ to. Consequently, 
1 / i [H(t ,s)p(s)p(s)_r(s) ,p(s)[[ -OH(t ,s) /Os-(p' (s) /p(s))H(t ,s)[a+l  ] 
Taking the upper limit as t ~ oo, we obtain a contradiction, which completes the proof. 
COROLLARY 2.1. Let condition (7) in Theorem 1 be replaced by 
,~msup 1 /i H(t, to) H(t, s)p(s)p(s) ds = oo 
and 
733 
(9) 
(10) 
(11) 
ds < w(to). 
then equation (1) is oscillatory. 
1 f r(s)lp(s)l I -OH( t , s ) /Os  - (p ' ( s ) lp (s ) )  H( t , s ) l  ~+~ 
tlim sup ds < (12) oo, H(t, to) Ha(t, s) 
then equation (1) is oscillatory. 
Let H(t,s) = ( t - s )  n- i ,  t >_ s > to, where n is an integer with n > 2. Therefore, by 
Theorem 2.1, we obtain the following. 
COROLLARY 2.2. Suppose that Conditions (i)-(v) hold. If the exists a continuous differential 
function p(t) on [to, oo) such that for some integers n > 2, 
lim supt 1-'~ [ t ( t  - s)n-lp(s)p(s) 
t ----~ oo  J to 
r(s)lp(s)l(t - s) "-~-2 In - 1 - (p'(s)/p(s)) (t - s)l a+l 
(a + 1) a+l ds = c~, 
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THEOREM 2.2. Suppose that Conditions O)-(v) hold. Let H(t, s) and h(t, s) be as in Theorem 2.1 
such that Conditions (H:), (H2), and 
H(t, s) ] < 
(H3) 0 < s>toinf thm H(t, to)J - 007 
are satisfied. I f  there exist two functions p E C 1 [to, co)  and A E C[to, co) satisfying 
1 f r(s)lp(s)[ I-OH(t,s)/Os - (#(s)/p(s)) H(t,s)l ~+1 
tli_.m sup H(t, to) Jto Ha(t, s) 
/ /  A(:+W°(s) 
[r(s)lp(s)l]i/a ds = oo, 
ds < co, (13) 
(14) 
and, for every T _> to, 
1 
tli_,m sup H(t, T) 
(15) J;[ ] x H(t ,s )p(s )p(s )  - r(s)lp(s)[ I -OH( t , s ) /Os  - (p ' (s) /p(s))  H( t ,s ) l  ~+1 (a + 1)~+lHa(t,s) ds >_ A(T), 
where A+ ( s ) = max{A(s), 0}, then equation (1) is oscillatory. 
PROOF. We suppose that there exists a solution x(t) of equation (1) such that x(t) ~ 0 for t _> to. 
Defining the function w as in the proof of Theorem 1.1, we get (10) and (11). Then, for t > T k to, 
we have 
1 
lim sup 
t - .~  H(t ,T)  
x H(t, s)p(s)p(s) - r(s)lp(s)l I-OH(t' s)/Os - (p'(s)/p(s)) H(t, s)l ~+1 
(oz + 1)a+lna(t ,  s) ds < w(T). 
Therefore, by (15), we have 
A(T) <_ w(T), for every T > to, (16) 
and 
lim sup 1 / i  t--.~ H(t, to) H(t, s)p(s)p(s) ds >_ A(to). 
We define functions 
u(t) - H(t, to) 0-----7- + H(t, Iw(s)l ds, 
/i Iw(s)l(~+l)/~ n( t , s )ds .  
v(t) = H(t, to) [r(s)lp(s)l]l/~ " 
(i7) 
Then, by (10) and (17), we see that 
_ - lim sup p(s)p(s)H(t, s) ds lim inf[v(t) - u(t)] < w(to) t--.~ H(t, to) t ----~o0 
< w(to) - A(to) < co. 
We shall next prove that 
~? Iw(s)l (~+1>/~ 
[r(s)lp(s)l] :1'~ 
ds < oo. (18) 
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If we suppose that (18) fails, there exists a tl > to such that 
f£ Iw(s)l(=+l)/~ ds > I~ [r(s)lp(s)l]a/~ - -d-~' for all t > tl, (19) 
where # is an arbitrary positive number and ~ is a positive constant such that 
inf [tlim inf H(t,s)] s_>~o ~ J  > ~ > o. (20) 
Using integration by parts and (19), we have for all t > tl, 
° fl (f; ) v(t ) -  H(t,to) H(t,s)d Iw(z)l(a+l)/a dz [r(z)lp(z)lll/~ 
_ a f l  OH(t,s)(~t[ Iw(z)l(~+l)/~ dz)ds 
H(~, to) Os Jr(z) Ip(z)[11/a 
a ft) OH( t , s ) ( f [  Iw(z)l( ~+1)/~ dz)ds 
> H(~,,to) Os [r(z)lp(z)lJX/~ 
> # f OH(t, s) ds = #H(t, ) 
- (H( t ,  to) Jr ,  Os (H( t ,  to)" 
By (20), there is a t2 _> tx such that H(t, tl)/H(t, to) >_ ~ for all t _> t2, and accordingly, v(t) >_ # 
for all t >_ t2. Since # is arbitrary, 
lim v(t) = oo. (21) 
t ---*OO 
OO Further, consider a sequence {Tn}n=l in (to, ~)  such that limn--.oo Tn = oo and 
hm[v(Tn)  - u(T ,~) ]  = lim inf[v(t) - u ( t ) l  < c~.  
t--*cX~ 
Then, there exists a constant M such that 
v(Tn) - u(Tn) < M, (22) 
for all sufficiently large n. Since (21) ensures that 
lim v(Tn) = c¢. 
rt  - - - *~ 
(23) 
Hence, (22) implies that 
lim u(T,~) = c~. 
n- -~OO 
By taking into account (23), from (22) we derive, for n sufficiently large, 
(24) 
u(Tn) M 1 
- - -1> - ->  v(T,~) - v(Tn) 2" 
Therefore, 
u(T,) 1 
v(Tn--'--) > -7 '  for all large n, 
which together with (24) implies 
lim u~+l(Tn)-- = oo. 
,~--,~ v~(Tn) (25) 
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On the other hand, by Holder's inequality, we have for every n E N, 
1 .fT,, OH(Tn, s) p'(s) H(Tn, s) 
u(Tn) = g(Tn,to) _vo Os + ~ Iw(s)l ds 
T. ( oral(a-t- 1) iw(s)lH~/(~+l)(T~,s) =/o \H~/(~+l)(T,,,to) [r(s)lp(s)l]l/(~+ 1) ) 
( a -~/(~+1) IOH(Tn,s)IOs + (p'(s)lp(s)) H(Tn, s)[ [r(s)lp(s)[]l/("+l)'~ 
x \ H l ~ t 0  ) Hal(a+l)(T,~,s) ) ds 
( a / : "  lw(s)[(a+l)/aH(Tn, s) ) a/(a+l) 
<- H(~,to) [r(s)lp(s)[]x/~ ds 
( 1 /o"  IOH(Tn,s)/Os-t-(P'(s)/p(s))H(T",s)I~+I) z/(~+z) 
x aag(T,~,to) r(s)lp(s)t g~(Tn, s) ds 
and accordingly, 
U a+l  (Tn) >_ 1 [ ; "  IOH(T,, s)/Os + (p'(s)/p(s)) g(Tn, s)l a+l 
v~(T~) aag(T,~, to) .oo r(s)lp(s)l Ha(T,~, s) ds, 
In view of the result (25), we obtain 
1 [~" IOH(Tn, s)/Os + (p'(s)/p(s)) H(T,~, s)l a+z 
l im g(Tn,to) v~o r(s)lp(s) ga(Tn, s) ds = co, 
which gives 
1 [~ IOH(t, s)/Os + (p'(s)/p(s)) H(t, s)] a+l 
t-~oolim H(t, to) ~o r(s)[p(s)[ ga(t,s ) ds = co, 
contradicting condition (13). Therefore, (18) holds. Now, from (16), we obtain 
/ ?  A(+~+l)l~(s) / ?  Iw(s)l(~+l)/~ 
[r(s)tp(s)l]l/~ ds < < co, 
- [r(s)lp(s)l]l/~ 
which contradicts (14). This completes the proof. 
THEOREM 2.3. Suppose that Conditions (i)-(v) hold. Let the functions H and h be defined as in 
Theorem 1 such that Conditions (HI), (H2), and (Ha) axe satisfied. If there exist two continuous 
functions p(s) and A(s) on [to, co) such that (14), and 
lim inf 1 [~ t--.oo H(t, to------~ Jto P(s)lp(s)lH(t's)ds < co, (26) 
and, for every T >_ to, 
1 
lim inf 
t--oo H(t,T) 
/; x H(t, s)p(s)p(s) - r(s)lp(s)[ l-OH(t, s)/Os - (p'(s)/p(s)) H(t, s)[ a+l" (27) (a + 1)~+lHa(t, s) ds > A(T) 
hold. Then equation (1) is osdllatory. 
PROOF. For the nonoscillatory solution x(t) of equation (1), as in the proof Theorem 1, (10) 
and (11) are satisfied. As in the proof of Theorem 2.2, (16) holds for t > T > to. Using 
condition (26), we conclude that 
lim inf 1 [ "  lim sup[v(t) - u(t)] __ w(to) - t--.oo H(t, to--------~ Jto p(s)p(s)H(t, s) ds < co. 
t, --+ O0 
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It follows from condition (27) that 
A(to) < lim inf 1 f l  
- t--.oo H(t,  to-----~ p(s)p(s)H(t, s) ds 
lim inf 1 f ;  r(s)[p(s)[ [ -og( t , s ) /Os  - (p'(s)/p(s)) H(t,s)[ s+l 
t--oo H(t, to-----~ J+o -(-£;T)-J4-fH--~,-~ 
so that (26) holds implies that 
ds, 
lira inf 1 [ "  ~'(s)Ip(s)l -OH(t,  s)/Os - (p'(s)/p(s)) H(t,  s)l s+I  
t-~oo H(t, to----~ Jto (a -~T) -~H- -~, -~ 
Considering a sequence {Tn}n~=l in (to, oo) with limn--,~ Tn = oc, such that 
ds < oo. 
lim [v (Tn)  - u (Tn) ]  = lim sup[v(t) - u ( t ) ] .  
n- -~OO t --'*OO 
Then, using the procedure of the proof of Theorem 2.2, we conclude that (18) is satisfied. The 
remainder of the proof is similar to that of the proof of Theorem 2.2. 
THEOREM 2.4. Suppose that Conditions (i)-(iv) are satisfied. Further, 
(vi) sgn F(t, x, u, v, w) = sgn x for each t >_ to and x, u, v, w c R; 
(vii) r(t) is nondecreasing and foo (dt/r l /~(t)) = oo; 
(viii) F( t ,x ,u ,v ,w) / [u [S - lu  >_ p(t), for t >_ to ,x ,u ,v ,w C R, 
where p(t) is a continuous function for t >> to. Let functions H and h be as in Theorem 2.1. I f  
there exists a continuous differential function p : [to, oo) --. R such that 
1,m ' f l  t-.oo H(t, to) x H(t, s)p(s)p(s) 
r(s)lp(s)l l -OH(t,  s)/Os - (p'(s)/p(s)) H(t, s)l s+l (28) 
- (a + 1)a+lHs(t ,  s) ds = ~,  
where k is a constant, k E (0, 1), and T. ( S ) = min { s, T( S ) }. Then equation (1) is oscillatory. 
PROOF. Let x(t) be a nonoscillatory solution of equation (1). Without loss generality, we may 
assume that x(t) >_ 0 and x(r(t))  >_ 0 for t _> To _> to. Using Conditions (iii) and (vi)-(viii), 
from equation (1), it is easy to prove that x"(t) <_ 0 and x'(t) >_ 0 for t _> T1 _> To. Hence, by 
Lemma 2.1 in [7], for any k E (0, 1), there exists a :/"2 _> T1 such that 
X(T(t)) > k r,(t) x(t), for all t > :/"2, 
- -  t 
where r,(t) = min{t,r(t)}.  Let us define w(t) again by (8). Then, we may obtain 
w'(t) = p'(t) w(t) - p(t) F (t, x(t), z(r(t)) ,  z'(t), x'(r(t)))  _ alw(t)l(~+I)/s 
P--~ Ix(t) Is- Ix(t) [r(t)lp(t) I] 1/s 
= p'(t) w(t) - p(t) F(t, x(t), x (r(t)), x'(t), x'(r(t)))  IZ(r(t))l s - l x ( r ( t ) )  
p(t) IX(T(t))I s - lx ( r ( t ) )  Ix(t)lS--ix(t) 
alw(t)l(s+:)/s 
[r(t) lp(t)l] 1Is 
p'(t) w(t) - p(t)p(t) 
<- -~  [r(t)lp(t)l]l/s • 
The rest of the proof is similar to that of Theorem 2.1, and hence, is omitted. 
(29) 
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COROLLARY 2.3. Let condition (28) in Theorem 2.4 be replaced by 
lim u  fl t--.~ H(t, to) H(t, s)p(s)p(s) ds = c¢ 
and 
H(t ,  -~-fl r(s)lp(s)l I -OH(t ,  s)/OSH~(t, (p'(s) /p(s))  H(t ,  s)l ~+1 as < ~,  tli.lT1 suP 
where r .(t)  = rain{t, r(t)}, then equation (1) is oscillatory. 
COROLLARY 2.4. Suppose that Conditions (i)-(iv) and (vi)-(viii) hold. I f  there exists a contin- 
uous differential function p(t) on [t0, c¢) and k E (0,1) such that for some integers n > 2, 
f l  lira supt 1-'~ (t - s)n-lp(s)p(s ) t -"+~ 
r(s) lp(s) l(t  - s) '~-~-2 In - 1 - (p'(s) /p(s)  ) (t - s)l ~+1 
- ds  = oo ,  (a + 1)~+x 
where r .(s)  = rain{s, ~'(s)}. Then equation (1) is oscillatory. 
Following the procedure of Theorems 2.2 and 2.3, we can also prove the following two theorems. 
THEOREM 2.5. Suppose that Conditions (i)-Ov) and (vi)-(vii 0 hold. Let functions H and h be 
as in Theorem 1 such that (H1)-(H3) are satisfied. If  there exist two functions p E Cl[t0,oo) 
and A e C[to, oo) satisfying (14), 
1 f "  r(s)lp(s)l I -OH(t ,s ) /Os-  (¢(s)/p(s)) H(t,s)l ~+x ds 
tli_m sup < (30) CO 
H(t, to) Jto Ha(t, s) 
and, for every T > to, 
lim sup I f :  [~]° ~-oo ~ x H(t ,s )p(s)p(s)  
r(s)lp(s)l I-OH(t, s)/Os - (¢(s)/p(s)) H(t, s)l ~+1 (31) 
ds > A(T), (~ + 1)a+lHa(t,s) 
where k is a constant, k E (0,1), and v.(s) = min{s, v(s)}. Then equation (1) is oscillatory. 
TItP.OREM 2.6. Suppose that Conditions (i)-Ov) and (vi)-(viii) hold. Let functions H and h be 
as in Theorem 1 such that (H1)-(H3) are satisfied. If  there exist two functions p E Cl[t0,oo) 
and A E C[to, oo) satisfying (14), 
t--.~ H(t, to---'~ H(t, s)p(s)p(s) ds < ~ (32) 
and, for every T > to, 
,,m,nf 1 t-~oo H(t, T---~ x H(t, s)p(s)p(s) 
(33) 
r(s){p(s)l I-OH(t, s)/Os- (p'(s)/p(s)) H(t, s)l a+l ds >_ A(T), 
((~ + 1)~+IHa(t, s)
where k E (0,1) is a constant and %(s) = min{s, r(s)}. Then equation (1) is oscillatory. 
REMARK 1. In the case when r(t) = 1,a = 1, if F(t,x, u, v, w) satisfies suitable assumptions 
similar to equation (1) or (2) or (3), then, our Theorems 2.1 and 2.4 can reduce to the main 
results of [1]. So the present paper generalizes [1]. 
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REMARK 2. In the case when F( t ,x ,  u, v, w) = p(t)[x(t)[a-lx(t) and r(t) - 1, Theorems 2.1-2.3, 
with p(t) - a positive constant,  reduce to Theorems 1-3 of [2]. 
REMARK 3. In the case when F( t ,x ,  u, v, w) = p(t)[x(t)]a-lx(t) and r(t) -- 1, Theorems 2.4-2.6 
are better  than  corresponding Theorems 4-6 of [2]. Because our condit ions do not require the 
existence of a funct ion p(t) which is positive and nondecreasing. Even when p(t) is positive 
and nondecreasing, our condit ions are better than those of [2]. For example, Condit ion (Cs) in 
Corol lary 2 of [2] corresponding to (12) in our Corollary 1 is 
l im sup 1 f ;  r(s)lp(s)l I -OH(t ,s ) /Os + (p'(s)/p(s)) H(t ,s) l  ~+1 
t--.c~ H(t,  to) Jto Ha( t , s  ) ds < oc, 
Obviously, (34) is stronger than (12). So this paper improves and extends the paper in [2]. 
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